We present global two-dimensional axisymmetric isothermal MHD simulations of the dynamic evolution of a coronal helmet streamer, driven at the lower boundary by the emergence of a twisted flux rope. By varying both the detached toroidal and poloidal fluxes emerged into the corona, but fixing the normal flux distribution at the surface at the end of the emergence, we obtain solutions that either settle to a new steady state of a stable helmet streamer containing a flux rope, or result in a disruption of the helmet with the underlying flux rope being expelled in a coronal mass ejection (CME)-like eruption. In all of the cases studied, we find that the transition from a stable to an eruptive state takes place at a magnetic energy that is very close to the Aly open field energy. Furthermore, we find that the transition from a stable to an eruptive end state does not occur at a single critical value of the total relative magnetic helicity, but depends on the profile of the underlying flux rope. Cases where the detached flux rope contains a higher amount of self-helicity, i.e., higher internal twist or detached poloidal flux, are found to become eruptive at a significantly lower total helicity. For the eruptive cases, the detached flux rope after emergence first rises quasi-statically due to a gradual opening of the field lines at the edge of the streamer and a slow reconnection below the flux rope, which continues to slowly increase the amount of the detached flux. This decreases the downward magnetic tension on the flux rope. The dynamic eruption is initiated when the magnetic pressure gradient no longer decreases fast enough to balance the decrease in the magnetic tension. Later rapid reconnections below the flux rope are important for accelerating the flux rope. For the stable helmets, we find that no cavities are formed due to the simplifying assumption of isothermal energetics and the uniform density lower boundary condition. However during the eruption we see the development of the 3-part structure of a CME.
INTRODUCTION
When observed in white light against the solar limb, a coronal mass ejection (CME) corresponds to the sudden disruption of an otherwise long-lived coronal helmet streamer (e.g., Illing & Hundhausen 1986; Gibson et al. 2006) . The basic underlying magnetic structure for the helmet leading up to this disruption is still unclear, but one appealing picture is that the closed magnetic field of the helmet contains an underlying flux rope with helical field lines locally detached from the solar surface (e.g., Low 2001) . Besides containing free magnetic energy due to the field-aligned current, the cavities and prominences often observed in many streamers prior their eruption can be explained by assuming a pre-existing flux rope (e.g., Low 1996; Lionello et al. 2002) . Furthermore, it has been suggested that a current sheet tends to develop along the socalled "bald patch separatrix surface" (BPSS) of a flux rope line-tied to the photosphere (Titov & Demoulin 1999; Low & Berger 2003; Gibson & Fan 2006) explaining the presence of the X-ray sigmoids often observed in the precursors of CMEs.
In this work we examine the stability and the dynamic evolution of a coronal helmet streamer containing an underlying flux rope, under the simplifying assumption of an isothermal atmosphere and a two-dimensional axisymmetric geometry. For this we carry out a set of global two-dimensional axisymmetric isothermal MHD simulations. We first set up a simple 1 Permanent address: Astronomical Institute Utrecht, Princetonplein 5, NL-3584 CC Utrecht, The Netherlands. 2 The National Center for Atmospheric Research is sponsored by the National Science Foundation.
Pneuman-Kopp type steady state global solution (Pneuman & Kopp 1971 ) of a coronal helmet streamer at the equator in an isothermal solar wind outflow. We then quasi-statically emerge a twisted flux rope structure through the lower boundary into the helmet streamer, and study the subsequent dynamic evolution of the coronal streamer. We systematically vary the profile of the emerged flux rope such that different amounts of detached toroidal and poloidal fluxes are transported into the corona in the different simulations. However at the end of the emergence, the normal flux distribution at the surface is kept the same for all the cases. In this way, the minimum energy state (the corresponding potential magnetic field) and the corresponding Aly's open field state (Aly 1991; Sturrock 1991) are the same for all the cases. We examine the conditions for the disruption of the coronal streamer in terms of the total relative magnetic helicity in the corona, the twist in the detached flux rope (the self-helicity of the flux rope), and the free magnetic energy. In all of the cases studied, we find that the eruption takes place at a magnetic energy that is very close to the Aly open field energy.
Observations show that the helicity transported into the corona through emerging active regions is predominately negative (positive) in the northern (southern) hemisphere, and this trend does not change with the solar cycles (e.g., Pevtsov et al. 2003) . Because helicity is nearly conserved during typical coronal processes, e.g., flares (Berger 1984) , this leads to an accumulation of the magnetic helicity in the hemispheres. It has been proposed that CMEs are an inevitable consequence of this helicity accumulation, and are a crucial component for the operation of the solar cycle dynamo (Zhang & Low 2005; . CMEs remove the accumulated helicity by bodily ejecting the linked flux into interplanetary space. This idea has led to a search for a maximum helicity, that can possibly be reached by a force-free coronal magnetic field before it loses confinement and erupts as a CME Zhang & Flyer 2008) . In this work, we examine the critical magnetic helicity accumulation for the disruption of the coronal streamer, given the fixed normal flux distribution at the surface (at the end of flux emergence). Our simulations show that disruption of the helmet does not take place at a single critical value of total relative magnetic helicity, but rather depends on the detailed profiles of the underlying detached flux rope. Helmets with a detached flux rope that contains a higher amount of self-helicity, i.e., higher internal twist or more detached poloidal flux, are found to become eruptive at a significantly lower total relative magnetic helicity. We further examine the properties of the stable and eruptive coronal streamer solutions resulting from the emergence of the twisted flux rope. Axisymmetric simulations certainly cannot represent realistic dynamic eruptions in three dimensions, e.g., the effects of the kink instability, the "herniation" of the flux rope through the ambient coronal arcade fields (Sturrock et al. 2001; Fan & Gibson 2007) , and the rooting of a three-dimensional flux rope at its endpoints are not considered. The latter effect may inhibit eruption compared to the fully detached two-dimensional flux ropes. However, the axisymmetric solutions described here may be relevant to the dynamics of the eruption of those long quiescent prominences/filaments. Similar simulations have been carried out by Jacobs et al. (2006) . Instead of transporting the helicity into the solar corona by emerging a flux rope they sheared the footpoints of the helmet streamer. Therefore, they do not study a pre-existing detached flux rope under the helmet. They found that for different solar wind models the streamer erupted at different helicities and the critical helicity was independent of the speed of the shearing.
In Section 2, we describe the details of the numerical model and the flux rope configuration that we emerge into the corona. Section 3.1 describes the initial steady state coronal streamer solution before the emergence of a flux rope. The conditions for the eruption of the helmet streamer are described in Section 3.2. In Sections 3.3 and 3.4 we describe the behavior of respectively a stable and an eruptive helmet containing a flux rope. We discuss our results in Section 4.
MODEL DESCRIPTION
In this work, we solve numerically the following isothermal MHD equations in the global two-dimensional axisymmetric spherical geometry:
where v, B, ρ, p, a s , G, M denote respectively the velocity field, the magnetic field, the density, the pressure, the isothermal sound speed, the gravitational constant, and the mass of the Sun. The temperature of the isothermal corona is assumed to be T 0 = 2 MK, and thus the isothermal sound speed a s = 182 km s −1 . The two-dimensional spherical simulation domain is given by radius r = [R , 12.9 R ], and polar angle θ = [0, π], assuming invariance in the azimuthal φ direction. The domain is resolved by a grid of 800 × 800 which is uniform in θ , and non-uniform in r. In the range r = [R , 3.37 R ], the mesh size in r is uniformly dr = 0.00393 R , and dr increases gradually for r > 3.37 R , reaching about dr = 0.187 R at the outer boundary.
Equations (1)- (5) are discretized spatially in the spherical domain using a staggered finite-difference scheme (Stone & Norman 1992a) , and advanced in time with an explicit, secondorder accurate, two-step predictor-corrector time stepping. A modified, second-order accurate Lax-Friedrichs scheme as described in Rempel et al. (2009, see Equation (A3) in that paper), is applied for evaluating the fluxes in the continuity equation. Compared to the standard second-order Lax-Friedrichs scheme, this scheme significantly reduces numerical diffusivity for regions of smooth variation, while retaining the same robustness in regions of shocks. The standard second-order Lax-Friedrichs scheme is used for evaluating the fluxes in the momentum equation. A method of characteristics that is upwind in the Alfvén waves (Stone & Norman 1992b ) is used for evaluating the v × B term in the induction equation, and the constrained transport scheme is used to ensure ∇ · B = 0 to machine round-off errors.
We consider an initial normal magnetic flux distribution at the solar surface given by
where
and B 0 = 20G, θ 0 = 1.3558. Figure 1 shows the B r distribution at the surface. The region between θ 0 θ π − θ 0 has zero B r threading through the surface. This is the area through which the emergence a of twisted magnetic flux rope is to be imposed (see below). We use the following procedure to obtain a steady isothermal outflow solution with the above normal magnetic flux distribution at the surface. We first set the initial magnetic field in the coronal domain to be the corresponding potential magnetic field, and the initial density to be that of a static isothermal atmosphere: 
Notes.
a For the non-erupting cases this is the maximum value, for the erupting cases the value at the onset of the eruption. b Case 3 is a special case for which a large magnetic diffusion is put in the coronal domain during the flux emergence and for a period of 400τ A0 after the emergence is stopped. This results in a coronal streamer with B φ being more spread out over the streamer, and with an amount of poloidal flux in the detached flux rope in the corona being far less than the emerged amount ΔA tube due to subsequent cancellation of poloidal flux at the central O-point of the flux rope.
where ρ 0 = 8.365 × 10 −16 g cm −3 and H 0 = a 2 s /(GM /R 2 ) is the pressure scale height at the coronal base. We then lower the density of the grid cell just inside the outer boundary surface (and also the two "ghost cells" outside of the outer boundary) from that of a static isothermal atmosphere to a value that is equal to the density computed from Parker's spherically symmetric isothermal solar wind outflow solution at the location of the outer radius of the domain. This lowered density, and hence lowered pressure near the outer boundary initiates an outflow of plasma from the domain. We solve the isothermal MHD equations in the domain numerically to evolve the outflow toward a steady state.
In numerically evolving the flow, we imposed the following boundary conditions. We impose a fixed density ρ 0 and pressure ρ 0 a 2 s at the first "ghost cell" immediately below the lower boundary surface. The velocity v at the lower boundary is kept to be aligned with the local magnetic field and accelerated by the local (1/ρ)(−∂p/∂r − GM /r 2 )r projected onto the magnetic field direction. Thus v at the lower boundary provides inflow of plasma to the solar wind outflow (based on the local pressure gradient and gravity), but produces a zero v×B electric field and hence the magnetic field lines are rigidly anchored at the lower boundary. Note that with the transverse electric field being specified at the lower boundary surface, the normal magnetic field defined on the lower boundary surface and the two other components of the magnetic field defined within the first grid zone above the surface are all completely determined for their evolution, i.e., the lower boundary conditions of the total magnetic field are set by the transverse electric field. For the boundary at the outer radius, a simple outflow boundary condition is used where the density, velocity, and electric field in the last grid zone within the domain are copied to the outer "ghost cells." Such an outer boundary condition is appropriate if the flow at the outer boundary becomes super-fast, which is indeed the case when the steady state solution is approached. The boundary conditions at θ = 0 and θ = π are ∂ρ/∂θ = 0,
With the above initial and boundary conditions, the numerical solution evolves toward a steady state of isothermal outflow with a large helmet streamer near the equator, which will be described in detail in Section 3.1.
At some point t 0 after the steady state outflow solution is reached, we begin to drive the emergence of a twisted flux rope through the lower boundary under the helmet streamer, until a time t stp . We drive the flux emergence kinematically by imposing on the lower boundary, in the region of θ 0 < θ < π − θ 0 , a timedependent transverse electric field:
which corresponds to advecting a flux rope B tube with a velocity U(θ ) through the lower boundary, where
U 0 is a constant speed, andr ⊥ is the unit vector perpendicular to and pointing away from the polar axis. The emerging flux rope B tube used for specifying the above E ⊥ | r=R is an axisymmetric torus given by
In the above, a = 0.1 R , B t = 400G, q is a non-dimensional parameter which allows us to vary the amount of toroidal flux in the emerging flux rope (see Table 1 for the values used in different cases), = (r 2 + R 2 ⊥ − 2rR ⊥ sin θ ) 1/2 denotes the distance to the circular axis of the torus, R ⊥ = R ⊥0 + U 0 (t − t 0 ) is the major radius of the torus axis, which increases with time at a speed U 0 from its initial value of R ⊥0 = R −2a at time t 0 (the starting time of the flux emergence), r ⊥0 = R ⊥0 + r sin θ − R ⊥ , and f ( ) describes the magnetic field profile of the torus crosssection as a function of the minor radius , which is given as follows. For > 2a, f ( ) = 0, i.e., for distance greater than 2a from the axis of the torus, the magnetic field of the torus is set to zero. For a < 2a,
For < a, two different choices of the profiles have been used. One is simply the continuation of the same Gaussian profile given in Equation (14) into the inner region of < a. The other is a polynomial profile:
where c 0 = 0.578 which results in a peak A tube value at the center of the emerging flux rope being 0.578 times that of the Gaussian profile, and c 2 and c 1 are chosen in such a way that the above polynomial profile in the inner < a region connects smoothly to the Gaussian profile in the outer region of a < 2a, i.e., both f and df/d are continuous at = a, from which we obtain c 1 = 3 exp(−1) − 2c 0 ,
Table 1 summarizes the different numerical experiments that have been performed, for which different emerging flux rope profiles are used. For all the cases, the poloidal magnetic field profiles given by A tube in the outer region of the emerging flux rope cross section of a < 2a are the same. The differences between the different cases are (1) the different inner A tube profiles used, i.e., Gaussian versus the polynomial, resulting in different inner poloidal magnetic field profiles of the emerging flux rope, and (2) the different q values specified, resulting in different toroidal fluxes. For all cases, the flux emergence is stopped at a time, when the major radius of the torus R ⊥ has increased to R ⊥0 + 3a = R + a, at which time the inner area < a (where the poloidal field profile differs for different cases) of the emerging flux rope cross section has been driven through the lower boundary, and as a result, the B r distribution along the lower boundary at the time the flux emergence is stopped (see Figure 2) is the same for all the cases. Subsequently, the field lines are rigidly anchored at the lower boundary with E ⊥ | r=R set to zero, and the lower boundary condition returns to that used prior to the start of flux emergence.
In the coronal domain, we solve the isothermal MHD equations numerically to study the dynamic evolution of the coronal streamer as it is driven at the lower boundary by the flux emergence as described above. We find different fates of the coronal streamer after the emergence is stopped. In some cases, the coronal streamer containing the emerged flux rope is able to settle to a new steady state, while in some other cases, the coronal streamer Figure 3 . Evolution of the base size of the helmet streamer, defined as the span in θ angle on the surface over which the magnetic field lines are closed within the simulation domain, and the evolution of the magnetic (E mag ) and kinetic (E kin ) energies without the emergence of a flux rope.
is unable to remain closed and erupts as a coronal mass ejection (see Table 1 ). These different evolutions will be described in detail in Sections 3.2-3.4. In the remainder of the paper, quantities are expressed in the following units unless otherwise specified: R = 6.96 × 10 10 cm, ρ 0 = 8.365 × 10
.8 s, as units for length, density, magnetic field, velocity, and time.
RESULTS

The "Quiescent" Helmet Streamer
We first present the steady state coronal helmet streamer solution without an underlying flux rope. As described in Section 2, given the imposed boundary conditions at the inner and outer boundaries, the pressure-driven outflow opens up the initial potential magnetic field until the solution reaches a steady state with a large coronal helmet streamer centered (18)). All the speeds in this figure are plotted in units of the isothermal sound speed (a s ).
at the equator. Figure 3 shows the temporal evolution of the base size of the helmet streamer, defined as the span in θ angle on the surface over which the magnetic field lines are closed within the simulation domain, and the evolution of the magnetic (E mag ) and kinetic (E kin ) energies. It can be seen that all of the quantities become roughly constant after about t = 500, i.e., approaching a steady state. However, there remain episodes of small, abrupt fluctuations occurring quasi-periodically, superimposed on the approximate steady state. For the field lines at the edge of the streamer there is a competition between the wind outflow which stretches the field lines out in the equatorial current sheet, and the tendency for the oppositely directed field lines to reconnect and close back down. During the approximate steady state, the wind slowly opens up these field lines. Due to the inherent nonlinear numerical diffusivity in the code which increases with the current density in the current sheet, the fluctuations occur when there is a sudden enhancement of magnetic reconnections in the equatorial current sheet. After each episode of enhanced reconnection which causes a brief, small reduction of the magnetic energy and a small growth of the helmet base size with more closed field lines, the pressuredriven outflow gradually re-opens these closed field lines and restores the magnetic energy. These fluctuations repeat quasiperiodically and overall the magnetic energy and the size of the helmet remain roughly constant. (19) and (18)); (b) density distribution along a field line inside the helmet streamer (solid), which matches the hydrostatic solution (Equation (8)) within 1%. The density along the pole (dotted) from (a) has also been overplotted for comparison.
The configuration in the approximate steady state is shown in Figure 4 at t = 1400. The blue lines in Figure 4 (a) represent the magnetic field lines. We see open magnetic fields surrounding a large central helmet streamer at the equator, representative of a solar minimum coronal configuration. The tip of the streamer reaches about 1.5 R above the solar surface. Inside the streamer, the velocity of the plasma is nearly zero as is shown in Figures 4(b) and 4(c), i.e., the plasma inside the helmet is in an approximate hydrostatic equilibrium. Outside the streamer we see transonic outflows along each open field line. In Figure 4 (c) we compare the velocity of our magnetic, isothermal outflow at the pole (blue solid curve) and at the equator (red solid curve) with the Parker wind solution (dashed line) (Parker 1958; Priest 1982) , which is a spherically symmetric isothermal outflow:
where a s is the isothermal sound speed and r c = GM /(2a 2 s ) is the critical radius at which the wind speed reaches the sound speed. The Parker solution only depends on the temperature which is kept constant at 2 MK in this study. For comparison with the outflow speed along the pole and the equator, we also plotted in Figure 4 (c) the fast mode speed along the pole (blue dotted line) and the equator (red dotted line). Figure 4 (c) shows that the outflow speed along the pole is higher than the Parker solution (21)) and ρv/B (Equation (20)) plotted against the magnetic flux function (A) for the inner points on the grid. We see that these variables are approximately functions of A alone, which means that they are constant along each field line. The only exception is at the edge of the streamer near A = 0.175. Inside the streamer the velocity is zero, so the ρv/B is zero and the Q is completely given by the thermal and gravitational terms.
at all radii. This is due to the super-radial expansion of each of the flux tubes (i.e., the magnetic field decreases faster than 1/r 2 ) along which the plasma flows. The outflow along the pole becomes super-sonic at about r = 2.3 R and super-fast at about r = 6.1 R . Along the equator, the plasma is approximately in hydrostatic equilibrium below the tip of the helmet dome, and above the tip an equatorial current sheet stretches out, along which is a transonic outflow which is slower than the Parker wind solution (see Figure 4 (c)). It becomes super-sonic as well as super-fast at about r = 5.2 R . In fact at the outer boundary of r = 12.9 R , the outflows at all latitudes are super-fast, which means that our outer boundary conditions used (as described in Section 2) are appropriate.
Given the flow speed v(r) of the Parker solution (Equation (18)), the variation of density with radius for the Parker wind is given by
Figure 5(a) shows the density as a function of r along the open field line at the pole (solid curve) compared with the radial density profile for the Parker wind solution (dashed curve) assuming the same base density at the footpoint of the field line. Again due to the super-radial expansion of the magnetic field, which causes a faster outflow along the flux tube compared to the spherically symmetric Parker wind, the density decrease along the flux tube is faster compared to that of the Parker wind solution. However the difference is small, especially within the height range of the helmet with r < 2.6, where the relative density difference does not exceed 30%. Figure 5(b) shows the density as a function of height along a field line inside the helmet dome (solid line), which we find to agree very well with the profile for an isothermal plasma in hydrostatic equilibrium (Equation (8)). For comparison, the radial density profile along the open field line at the pole (shown in Figure 5 (a)) is also overplotted in Figure 5 (b). We find that for the range R < r < 1.6 R , where the wind flow is still subsonic, the density contrast between the open field region (the coronal hole) and the helmet is very small, far less than that derived from observations (Gibson et al. 1999; Guhathakurta et al. 1999) . The main reason of this is that the simulations imposed a uniform density (and pressure) at the first "ghost cell" under the surface, while observations suggest a significant difference (factors of 2-3) in base density between the polar coronal hole region and the streamers (Gibson et al. 1999; Guhathakurta et al. 1999) . A more realistic solar wind model that includes explicit coronal heating, radiative cooling, thermal conduction, and Alfvén wave damping and pressure is needed to obtain realistic plasma properties in the global corona (see, e.g., Cranmer et al. 2007; Lionello et al. 2009 ). For a steady state outflow, the conservation of mass flux and magnetic flux leads to
along each flux tube or each field line. Furthermore, by integrating along each field line or flux tube the component of the steady-state momentum equation parallel to the magnetic field, we can derive the following conservation law:
along each flux tube or field line. This is Bernoulli's law. We have tested our numerical solution against these conservation relations by plotting, in Figure 6 , Q versus A (left panel) and ρv/B versus A (right panel) for all the grid points in the domain, excluding the two top grid zones and the two bottom grid zones of the domain, which are significantly affected by the boundary conditions. In the above, A is the poloidal magnetic flux function computed from the (purely) poloidal magnetic field:
and contours of constant A are the magnetic field lines. Thus the above conservation laws (Equations (20) and (21)) mean that ρv/B and Q are both functions of A alone. In other words, ρv/B and Q should both remain constant for points of a constant A value (i.e., along a field line). Figure 6 shows that for both ρv/B and Q, the values for all the field points nearly collapse into a single curve as a function of A, i.e., satisfying the conservation laws, except for a narrow range of A (near A = 0.175), corresponding to field lines near the edge of the streamer. These field lines go into the equatorial current sheet and are not in an ideal steady state, and thus do not satisfy the conservation laws which are derived from the ideal steady state equations. The evolution of these field lines is characterized by two distinct phases. One is a longer-term, gradual phase (as represented by, for example, the period from t ≈ 500 to t ≈ 2200 in Figure 3 ), during which these field lines at the edge of the streamer are being gradually stretched out by the wind outflow near the equatorial current sheet, and the magnetic energy is gradually increasing. However, as described at the beginning of this section, due to the inherent nonlinear numerical diffusivity in the simulation, when the current density reaches some critical strength, there is a sudden onset of the magnetic reconnections in the equatorial current sheet above the helmet, which results in a brief phase of rapid fluctuations (see, e.g., the time between t ≈ 2300 and t ≈ 2500 in Figure 3 ) with a small growth of the helmet base size with more closed field lines and a small reduction of the magnetic energy. After this episode of enhanced reconnections, the pressure outflow begins to reopen these field lines at the edge of the helmet again, and they return to the gradual phase during which the magnetic energy is gradually being restored. Thus the field lines at the edge of the helmet (near A = 0.175) oscillate between the two phases and show significant deviations from the conservation relations derived from the ideal steady state equations.
Overview of Eruptive Conditions
Having established the above steady state outflow solution described in the previous section, we begin to drive the emergence of a twisted flux rope through the lower boundary under the helmet streamer. The way to do this is described in detail in Section 2. As described in Section 2, we have considered different cross-sectional profiles of a toroidal flux rope used for driving the emergence. These different cases are divided into three groups, labeled with a prefix of 1-3 in the case ID (Table 1 ). Those of Group 1 have an A tube given by Equation (12) with a Gaussian profile (Equation (14)) for f ( ). Those of Group 2 have an A tube according to Equation (12) with the same Gaussian f ( ) given by Equation (14) as Group 1 for the outer cross-sectional region a < 2a, but a polynomial f ( ) profile given by Equations (15)- (17) with c 0 = 0.578 for < a. This results in a ΔA tube between the peak A tube value and the value at = a for the cases in Group 2 being about 1/3 times that for the Group 1 cases (see the second column of Table 1 ). This means that the poloidal flux contained in the torus of < a, to be transported through the lower boundary into the corona, is 1/3 times as small for the cases in Group 2 as that for the cases in Group 1. Within each of the Groups 1 and 2, we then vary the toroidal field B φ in the cross-section of the emerging torus given by Equation (13), by changing the value of the q parameter. These cases of different q values within each of the groups are sub-labeled with "a" to "e" in the case ID (see Table 1 ). They correspond to driving different amounts of detached toroidal flux into the solar corona. Group 3 contains only one special case, for which we used the same A tube as for Group 1 and used q = 1 in Equation (13) for the B φ of the emerging flux rope. However we have artificially increased the numerical diffusivity in the domain during the emergence and also for a period of 400τ A0 thereafter, which causes cancellation of the detached poloidal flux at the central O-point of the flux rope, and also outward diffusion of B φ into the outer region of the helmet. The result of this case will be discussed below. Note that, as described in Section 2, because all the groups have the same A tube profile for the outer region of the emerging flux rope cross section at > a, and the emergence stops when the inner area < a of the flux rope cross-section has been driven through the lower boundary for all the cases, they all end up with the same normal flux distribution at the surface (as shown in Figure 2 ) after the emergence. As a result the corresponding potential magnetic field (with energy E min ) and the Aly fully open field (with energy E open ) are the same for all the cases at the end of the flux emergence. These two magnetic fields are shown in Figure 7 .
As is described in Section 2, after the emergence is stopped, the field lines are rigidly anchored and no further magnetic flux transportation will take place through the surface. We find different fates for the coronal streamer after the emergence is stopped, as is summarized in the fourth column of Table 1 . In some of the cases, the helmet is able to settle into a stable steady state with a helmet streamer containing the emerged flux rope, while in other cases, it erupts as a CME. In Sections 3.3 and 3.4 we will describe respectively a stable case and an erupting case in more detail. Here we examine the general conditions for the transition from a stable to an eruptive state for the groups of cases we have studied. For this we have evaluated the evolution of the magnetic energy (E mag ) and the relative magnetic helicity (H), which, for the two-dimensional axisymmetric spherical domain outside of the solar surface, is given by :
where A is the poloidal flux function given by Equation (22). The above total relative helicity can be decomposed into two parts:
and A 0 is the constant value corresponding to the boundary field line (the contour of A = A 0 ) of the detached flux rope in the corona. In the above A anch is the flux function for the anchored poloidal magnetic field, and A − A anch is the flux function for the detached poloidal magnetic field in the coronal flux rope. Thus the first term on the right-hand side of Equation (24) corresponds to the self-helicity of the detached toroidal flux rope in the corona H rope : it measures the self-twist of the flux rope. The second term in the right-hand side of Equation (24) corresponds to the mutual helicity, a measure of the mutual linkage between the anchored poloidal flux and the detached toroidal flux emerged into the corona.
Figure 8(a) shows the maximum H and the maximum E mag reached by the steady state evolution of each of the stable cases ("*" points), and the values of H and E mag for each of the eruptive cases ("×" points) at the onset of eruption defined as the moment when the flux rope starts rising dynamically (see Section 3.4). The two vertical dotted lines mark the magnetic energy for the corresponding minimum energy state E min = 0.1677, i.e., the magnetic energy from the potential magnetic field (left panel of Figure 7 ), and the Aly limit E open = 0.2661 for the corresponding open magnetic field (right panel of Figure 7 ). Figure 8(b) is the same as Figure 8 (a) except that it shows the self-helicity of the detached flux rope H rope instead of the total relative helicity H. The color of the points indicates which specific group of cases (listed in Table 1 ) the points correspond to: with red, blue, and black corresponding to the groups with prefixes 1, 2, and 3, respectively.
For the cases of Group 1 (see red points in Figure 8(a) ), which all have the same amount of detached poloidal flux ΔA tube emerged into the corona, we find that as we increase the amount of emerged toroidal flux (by increasing q), we first obtain stable steady-state streamers with increasing H and E mag (see the red "*" points corresponding to cases 1a and 1b), until a threshold H (between 0.161 and 0.169) is reached, above which the streamer can no longer maintain a steady state and erupts (the red "×" points corresponding to cases 1c and 1d). Similar behavior is seen for the cases of Group 2, but the transition takes place at a significantly higher threshold H (between 0.203 and 0.215). For all of the cases in Group 2, the amount of detached poloidal flux ΔA tube emerged into the corona is significantly lower compared to that of Group 1 (see Table 1 ), and as a result, the self-helicity of the detached coronal flux rope H rope is all lower for the Group 2 cases compared to the Group 1 cases. This suggests that the transition from stable to eruptive behavior does not take place at a single critical H value, but depends on the details of the flux rope profile in the corona. Those cases with more twist contained in the central detached flux rope, i.e., with higher self-helicity of the flux rope, appear to erupt at a lower total relative magnetic helicity. This result is also confirmed by the special Case 3, Figure 8 . (a) Maximum H and the maximum E mag reached by the steady state evolution of each of the stable cases ("*" points), and the values of H and E mag for each of the eruptive cases ("×" points) at the onset of eruption. (b) same as (a) except that the self-helicity of the detached flux rope H rope is plotted instead of the total relative helicity H. The vertical lines mark the potential field energy and the Aly limit. The color of the points indicates which specific group of cases (listed in Table 1 ) the points belong to, with red, blue, and black corresponding to the groups with prefixes 1, 2, and 3, respectively. which has the highest total relative helicity of H = 0.242, but has the lowest self-helicity for the coronal flux rope, since, in this case, we have artificially increased the numerical diffusion to cause cancellation of the detached poloidal flux at the central O-point and the spreading of B φ into the outer region of the helmet. After the artificial diffusion is removed, this case is able to settle into a stable steady state without eruption, even though Figure 9 . Evolution of the magnetic energy (E mag ) (a), the height of the flux rope above the center of the Sun (R rope ) (b), the velocity of the flux rope (V rope ) (c), and the relative helicity (H) (d) of case 1b (Table 1 ). The vertical line at t = 300 marks the end of the emergence.
it has a higher total relative helicity than any of the cases in Groups 1 and 2.
We also find that for Groups 1 and 2, the transition from a stable to an eruptive state takes place at magnetic energies E mag that are both very close to the Aly open field energy (Figure 8(a) ) even though the threshold H values for the transition are very different. In fact we find that for all of the eruptive cases the flux rope starts erupting at a time when E mag has just exceeded E open .
A Stable Helmet Containing a Flux Rope
In this section, we discuss in more detail a stable case (case 1b in Table 1 ), where the helmet streamer settles into a new steady state after the emergence of the flux rope. For this case, A tube and B φ for the cross section of the emerging flux rope are given by Equations (12)- (14), with q = 0.6. Figure 9 shows the temporal evolution of the magnetic energy (E mag ), the distance of the O-point of the flux rope from the Sun center (R rope ), the speed of the O-point of the flux rope V rope , and the total relative helicity H (given by Equation (23)). From t = 0 to t = 300 the flux rope emerges through the surface, during which period, the magnetic energy E mag , the height of the O-point of the flux rope R rope , and the helicity H all increase. Note that the O-point of the flux rope only appears in the corona after t = 200 (see Figure 9 (b)). After the emergence ends the helmet streamer settles to a new quasisteady state, oscillating between two distinct phases, similar to what was found in the evolution of the quiescent streamer in Section 3.1.
After the emergence is stopped, the field lines near the edge of the streamer continue to open very gradually, just as for the streamer without a flux rope (see Section 3.1). The flux rope evolves through many near equilibrium configurations as the outer field lines of the streamers are being stretched out by the wind. This causes a gradual increase of E mag after t = 300 (see Figure 9 (a)). The decreasing overlying tension also causes the flux rope to rise quasi-statically (see Figure 9 (b)) with a constantly decreasing velocity (Figure 9(c)) . The added open magnetic field lines sharpen the equatorial current sheet and eventually the nonlinear numerical diffusivity causes a sudden enhancement of reconnection in the equatorial sheet. This causes the equatorial field lines to close back down, and a sudden decrease of E mag (see Figure 9 (a) at about t = 2800). The increased overlying tension also lowers the flux rope height (see Figure 9 (b)). After the reconnection ends, the solar wind starts to gradually open up the field lines near the edge of the streamer again. This whole process is very similar to the quasi-periodic behavior described in Section 3.1.
Due to numerical diffusion there is also a slow cancellation of poloidal magnetic flux at the O-point of the flux rope. This causes a slow decrease of E mag . It also causes the flux rope to lose outward magnetic pressure and reduces R rope . Initially, just after the emergence is stopped, the gradual opening of the magnetic fields by the solar wind (described above) dominates the evolution of E mag and R rope . However the opening of the field lines slows down with time as the equatorial current density increases in strength, and later on the cancellation of the poloidal flux at the O-point dominates the evolution of E mag and R rope , such that E mag and R rope begin to decrease gradually after t = 1880, until the enhanced reconnection in the equatorial sheet sets in at about t = 2800. The relative helicity H is unaffected by all of the fluctuations described above and remains nearly conserved (see Figure 9(d)) .
Outside of the quasi-periodic onset of fluctuations due to the enhanced reconnection in the equatorial current sheet, the (Table 1) , overplotted with the projections of the magnetic field lines (blue contours) on the meridian plane.
post-emergence evolution of the coronal streamer described above is on such a long timescale that the system remains very close to a steady state. Figure 10 shows this quasi-steady state configuration at t = 1000. Note that only part of the simulation domain with r < 4 R is shown. In this figure, the contours are lines of constant A (see Equation (22)), corresponding to the projection of the magnetic field lines in the meridional plane, plotted over the toroidal magnetic field B φ (panel (a) ), the toroidal current density J φ in log scale (panel (b)), the angle α between B and J (panel (c)), and the density in log scale (panel (d) ). We see a toroidal flux rope with a detached helical flux, confined in the helmet streamer (Figure 10(a) ). The largest current is inside the flux rope itself (Figure 10(b) ). The repulsive self-force of this toroidal ring current and the repulsive force between the toroidal current and its image below the solar surface constitute the major outward forces experienced by the flux rope (Lin et al. 1998) . A current sheet is present at the boundary of the helmet, and it connects to the equatorial current sheet at the tip of the helmet (Figure 10(b) ).
The angle α between the magnetic field and the current shown in Figure 10 (c) measures how close to force-free the magnetic field is. An angle of zero means the field is force-free. It can be seen that the whole area which contains significant B φ is nearly force-free. Outside of this area, B φ is zero and thus α is (a) Figure 11 . Snapshots of the density (scaled in red) and the magnetic field lines (blue) plotted for an erupting flux rope (case 1d in Table 1 ).
(An animation of this figure is available in the online journal.) always equal to π/2, since only J φ can be non-zero. However, the current is for the most part (Figure 10(b) ) very small such that this area is still close to force-free. This is, on the other hand, not true for the equatorial current sheet. As can be seen from the toroidal current and the angle in Figure 10 , the current is significant in this area and the angle is π/2. In this case, the Lorentz force is countered by the pressure gradient, caused by an increased density at the equator (Figure 10(d) ).
In Figure 10 (d), we see once again that for R < r < 1.6 R the density contrast between the helmet and the coronal hole is much smaller than observed, because of the isothermal energetics and the imposed constant density in the first "ghost cell" below the surface, as explained in Section 3.1. Figure 10 (d) also shows that there is not a significant cavity (relative density deficit) developing within the helmet, even though there is a detached flux rope inside the helmet. This indicates that in this simulation, after the emerged flux rope becomes detached from the lower boundary, it has not further expanded significantly to produce an isolated low-density region inside the helmet. Furthermore, the simplifying isothermal assumption prevents the development of radiative instabilities that may lead to the formation of prominence condensations at the dips of the detached field lines. Incorporating a more realistic treatment of the plasma thermodynamics (e.g., Pneuman 1972; Lionello et al. 2002) , including radiative cooling, thermal conduction, and coronal heating, is needed to study the formation of a cavity and a prominence. Nevertheless, we do find that a three-part structure containing a cavity forms during the eruption of our coronal helmet as is shown in the next section.
Loss of Equilibrium and Disruption of a Helmet Streamer
We now discuss in more detail a case where the emergence of the flux rope results in a disruption of the helmet streamer. For this case (1d in Table 1), the profile of the emerging flux rope is the same as that for case 1b except that q = 0.65 instead of q = 0.6, which means that a slightly higher (by roughly 8%) amount of toroidal flux Φ φ , and thus a similarly higher amount of helicity, are transported into the corona. This causes the coronal magnetic field to reach a higher E mag , approaching the Aly open Figure 12 . Temporal evolution of the magnetic (E mag ) and kinetic (E kin ) energy (a), the mass of the flux rope flowing out at the outer boundary (Ṁ rope ) (b), the relative helicity (H) (c), the total toroidal flux (Φ φ ) (d), the flux rope height (R rope ) (e), the flux rope velocity (V rope ) (f), the streamer base size (g), and the total amount of detached poloidal flux in the simulation domain (h), for case 1d in Table 1 . The vertical dotted lines separate the five different phases described in Section 3.4.
field limit, and erupt as a CME. Figure 11 shows snapshots of the projected magnetic field lines in the meridional plane overlaid with density in log scale, plotted at several selected time instances after the time (t = 400) when the emergence is stopped. Note that in all the panels of Figure 11 the same magnetic field lines (contours of A with the same set of values) are plotted. An animated GIF movie of the evolution is available in the electronic version of this article. Figure 12 shows the evolution of the magnetic (E mag ) and kinetic (E kin ) energies, the mass loss through the upper boundary due to the flux rope (Ṁ rope ), the relative helicity (H), the total toroidal flux (Φ φ ), the distance of the flux rope O-point from the Sun center (R rope ), the rise speed of the O-point of the flux rope (V rope ), the streamer base size, defined as the θ span along the surface over which the field lines are closed, and the amount of detached poloidal flux, π ΔA, where ΔA is the difference between the peak A and the A at the edge of the detached flux, with A being the poloidal flux function given by Equation (22) . Note that R rope and V rope are only defined when there is a detached flux rope in the corona.
We have divided the evolution into several phases separated in Figure 12 by vertical lines. The first phase is the imposed flux emergence phase from t = 0 until t = 400, during which the magnetic energy, helicity, and the toroidal flux all increase, very similar to the behavior during the emergence of the stable flux rope described in Section 3.3. In Figure 12 (h), the detached poloidal flux begins to increase from t = 200 when the O-point of the flux rope appears in the corona. After the emergence is stopped, the rise velocity of the flux rope O-point shows a sharp drop (Figure 12(f) ), and after a few τ A0 , it settles into a new quasi-equilibrium phase (phase 2). The density and magnetic configuration at the end of the emergence is illustrated in Figure 11(a) .
Phase 2 is a quasi-static phase of the flux rope, similar to the evolution after the emergence in the stable case described in Section 3.3. During this phase the flux rope still rises, but is decelerating. The rise in this phase is caused by the gradual opening of the field lines to the solar wind at the edge of the streamer, which weakens the overlying downward directed magnetic tension. But in contrast to the stable case described in Section 3.3, after the decelerating phase 2, the flux rope starts accelerating, leading to the eventual ejection of the flux rope. The start of the acceleration of the flux rope O-point at t = 600 defines the start of phase 3. The configuration at this time is shown in Figure 11(b) . We can see that more field lines Figure 13 . Acceleration away from the polar axis due to the magnetic pressure gradient (dash-dotted), tension (dash-dot-dot-dot), the net Lorentz force (dotted), the hydrodynamic force (dashed), and the total net force (solid) on the detached flux rope during phases 2, 3, and 4, which have been separated by the vertical dotted lines.
have opened up compared to the previous snapshot at t = 400 (Figure 11(a) ). The rise speed increases very gradually during most of phase 3, which lasts for hundreds of τ A0 (corresponding to tens of hours), and the rise is still essentially quasi-static. During both phase 2 and phase 3 the amount of detached flux continues to grow slowly (even though the emergence has stopped) as a result of slow reconnections below the flux rope. This decreases the magnetic tension from the overlying magnetic field on the flux rope, which is compensated by a decrease in the magnetic pressure gradient as the flux rope rises (see Figure 13) . However, the force balance is lost when the magnetic pressure gradient no longer decreases as fast as the tension leading to phase 4.
Phase 4 starts at t = 1100, when the e-folding growth time of the velocity reduces to about 10τ A0 , i.e., the acceleration becomes significant and the flux rope becomes dynamic. This is the time we used to evaluate the conditions (e.g., the critical E mag and helicities) for the onset of eruption in Section 3.2 and Table 1 . The dynamic acceleration shows that the flux rope is no longer able to find an equilibrium, i.e., the decrease in magnetic tension can no longer be balanced by a decrease in magnetic pressure gradient or by the far smaller hydrodynamic force ( Figure 13 ). Figure 14 shows the temporal variation of both the acceleration of the flux rope and the reconnection rate (dA/dt) in the current sheet behind the rope. We find that the peak of the flux rope acceleration (t = 1132) precedes the peak of the reconnection rate. The latter peaks when the rise speed of the flux rope begins to saturate. These suggest that the onset of rapid reconnections is not what initiates the eruption. However, we find that after the onset of rapid reconnections, the acceleration of the flux rope is mainly caused by the upward net Lorentz force associated with the newly detached flux, indicating that reconnection, which continually supplies the detached flux to the flux rope, plays a vital role in the eruption. Note that during the rapid reconnection in this phase, the magnetic energy decreases significantly (Figure 12(a) ), while the total helicity remains nearly constant (Figure 12(c) , see Berger 1984) .
During phase 4 the flux rope rises from about r = 1.5 R to the edge of the simulation domain at r = 12.9 R . Figure 15 shows in more detail the velocity during phase 4 of the inner part of the detached flux rope bounded by the flux surface of A = 0.3, which has already become detached from the surface since the end of the emergence. In Figures 15 , the velocities of the highest, lowest, and the O-point of the flux rope are plotted respectively as "×," "+," and "*" points. We find that during the short time from t = 1153 to t = 1159 an outward reconnection jet ejected from the current sheet below the flux rope causing a transient increase in the rope velocity ( Figure 15 ). This transient corresponds to the second narrow peak of acceleration in Figure 14 at about t = 1156. Zhang & Dere (2006) and many others found that the observed acceleration profile of a CME can often be divided into three stages. First the CME will have a gradual rise, during which the CME rises with a velocity of the order of 10 km s −1 (Zhang et al. 2001) . At some point the CME starts accelerating Figure 16 . Net acceleration along a field line in the accelerating frame, where the flux rope center is stationary (a field , Equation (26)) is plotted against the radius (r) at t = 1132 along a field line in the dense core (solid), in the cavity (dashed), and in the dense shell (dotted).
rapidly. This acceleration is called the "main acceleration" and can range from a few m s −2 to many km s −2 . The "main acceleration" can last as short as a few minutes or up to many hours (Zhang & Dere 2006) . CMEs with a higher (lower) acceleration tend to accelerate for a shorter (longer) time. The velocities reached after the "main acceleration" range from a few 10 km s −1 to a few 1000 km s −1 (Zhang & Dere 2006) . After this main acceleration the velocity becomes nearly constant, although there still remains a small residual acceleration. The phase 3 evolution described earlier (see Figure 12 ) may be identified with the observed gradual rise phase. The acceleration of the flux rope during phase 4 shown in Figure 15 can be divided into a "main acceleration stage" followed by a "residual acceleration stage" when the rise velocity of the flux rope begins to saturate, identifying them with the two latter stages seen in the observations. From Figure 15 we find that the main acceleration for our simulated flux rope lasts from t = 1110 to t = 1154, which corresponds to 4.4 hr. The average acceleration during this period is 30 m s −2 and the flux rope reaches a final velocity of about 474 km s −1 , which is about 50% faster than the local wind speed. Thus our case corresponds to a CME where the average acceleration is low and the main acceleration stage is long, but the kinematics is within the observed range and the final velocity is close to the average. We cannot study the residual acceleration of our simulated CME in great detail, because the flux rope leaves the simulation domain at the time the velocity becomes roughly constant. The main acceleration phase of a CME also often coincides with the observation of a flare (Zhang et al. 2001; Maričić et al. 2007 ). We indeed find that in our simulations nearly all the reconnection, which can power a flare, takes place during the main acceleration part of phase 4.
In Figure 11 (e), we see the development of a 3-part structure of a CME in the density, i.e., a dense core, a depleted cavity, and a dense shell. The dense core corresponds to the roughly circular inner part of the flux rope. The cavity corresponds in part to the outer stretched out field lines of the detached flux rope, and also in part to those stretched out helmet field lines, which remain connected to the solar surface. The dense shell corresponds to the outermost field lines of the helmet and continues slightly into the open field.
Before the eruption the density along the field lines in the flux rope and the streamer could be described by hydrostatic equilibrium (Equation (8)). During the eruption we can describe the forces along the field line similarly in a frame of reference where the center of the rope is stationary. In this frame, an inertia force is added due to the acceleration of the flux rope (− ∂v rope ∂tr ). By combining Equations (2) and (5) and adding the inertia force, we get an expression for the acceleration along a field line (the s direction) in the co-moving frame of the flux rope:
where r gives the distance from the mass parcel in question to the center of the Sun,r is the radial unit vector,ŝ is the unit vector along the field line, and v s is the velocity along the field line.
In Figure 16 , we see the a field along a field line in the dense core (solid), one in the cavity (dashed) and one in the dense shell (dotted) for the time with the maximum acceleration of the flux rope (t = 1132) as a function of r for radii larger than the r of the flux rope center. We see that the line in the dense core is nearly in force equilibrium. This is true for all the field lines in the core. For such a force equilibrium the density is given by
where C(t) is chosen in such a way that the total mass along the field line is conserved. Equation (27) shows that the density distribution for the field lines in the dense core is steeper for the times that the acceleration of the flux rope is higher, which we find in the simulations. The field lines in the cavity are much longer and span a larger range of radii than those of the dense core, which causes the density difference between the upper and lower parts of the field line in equilibrium to be far larger than for the shorter dense core field line, while the two field lines contain roughly the same total amount of mass. So in equilibrium the density in the upper part of the longer cavity field lines would be much lower than that for the far shorter field lines in the dense core at the same height. In Figure 16 , we see that the forces here are not in equilibrium and that the mass moves downward along the field lines in the flux rope co-moving frame of reference.
Note that the mass still moves away from the Sun just more slowly than the flux rope center. Figure 16 shows that the acceleration in the field lines of the dense shell is even larger than in the cavity, so more mass is moved downward from these field lines. The dense shell still has a higher density, because these field lines started out with a larger mass than the field lines in the cavity. Before the eruption these field lines were located in the upper part of the helmet streamer, where the magnetic field is weaker, so these field lines cover a larger volume with a larger amount of mass. During the eruption, these field lines are compressed, which increases the density, leading to the formation of the dense shell. Figure 17 shows a zoomed-in view of the shock front that has developed in front of the erupting flux rope seen in Figure 11 (e). The solid white line marks the shock front where the magnetic field lines are seen to bend abruptly, changing from the upstream near radial direction to becoming diverted away from the equator and "make room" for the flux rope behind the shock. The shock also increases the density, and the post-shocked field lines direct the high-density-shocked plasma around the flux rope. For the inner, lower latitude part of the shock, the pre-and post-shock magnetic field lines are on the same side of the shock normal. The shock front is found to move at a super-Alfvénic (sub-fast) speed relative to the upstream plasma, and the downstream post-shock plasma moves away from the shock front at a sub-Alfvénic speed. We thus identify this shock as an intermediate shock (Kennel et al. 1989 ). However, the shock does not appear to be in a stationary state due to the rapid change of the upstream conditions as the flux rope moves outward. As a result, the jump conditions from the simulated shock do not quantitatively match those derived analytically for a stationary, infinitely thin shock.
After t = 1162 we see that the helicity, the kinetic and magnetic energies, the toroidal flux and the amount of detached flux all plummet due to the exiting of the closed field out of the domain (see Figure 12 ). We define this as the beginning of phase 5. We also see a brief sharp drop in the streamer base size at this time, due to the artificial reason that the closed field lines which previously overlie the flux rope leave the simulation domain and are suddenly considered to be open. In the end we find that, as a result of the ejection of the flux rope, 93% of the total (emerged) toroidal flux Φ φ , and 94% of the pre-eruption helicity H are removed, and 85% of the pre-eruption-free magnetic energy is released. From Figure 12 (b) we can estimate the total mass loss due to the CME to be about 2 × 10 17 g. This mass has been calculated, assuming the flux rope extends 1/3 of the 2π circle around the solar equator.
After the flux rope has left the simulation domain, the streamer returns to a new steady state. Due to the ejection of the flux rope and the subsequent reconnection behind the flux rope, the range of θ on the surface over which the field lines are closed increases (phase 5 in Figure 12 (g)), until roughly t = 1450 when it reaches its maximum extent and the pressure-driven wind begins to gradually open up the field lines near the edge of the streamer again.
DISCUSSION
We present global two-dimensional axisymmetric simulations of coronal helmets driven by emerging flux ropes. Immediately after the emergence all the simulated flux ropes are able to settle into a quasi-static state within the helmet, while the overlying magnetic tension slowly decreases due to the gradual opening of the field lines at the edge of the streamer by the solar wind. This is found to continue until either (1) the equatorial current sheet above the helmet tip reaches a critical strength and the field lines undergo an episode of rapid reconnections, which increase the overlying tension again and the flux rope is retained under the helmet in quasi-equilibrium, or (2) the flux rope is unable to remain in an equilibrium and erupts as a CME. This eruption is either caused by the detached flux of the flux rope reaching a critical limit, above which an increase in height does not decrease the magnetic pressure gradient sufficiently to compensate for the loss in downward magnetic tension or by a burst of reconnection below the flux rope, similar to the reconnection taking place above the flux rope for the stable flux ropes. The fact that the peak in the acceleration precedes the peak in the reconnection rate suggests the former.
We find that in all the cases studied, where the detached flux rope in the helmet contains varying amounts of detached toroidal and poloidal fluxes but with a fixed normal flux distribution on the surface, the eruption of the flux rope all takes place at a magnetic energy that is very close to the Aly open field energy. This result may be related to the restriction imposed by the two-dimensional geometry. First of all under the twodimensional geometry with invariance in the direction along the flux rope, if there was no reconnection, the ejection of the flux rope would require all of the overlying field lines to be stretched to infinity along with the flux rope. Thus a CME would require a magnetic energy in excess of the Aly open field energy because not only all the field lines need to open up, but also extra energy is needed to do work against gravity and provide the kinetic energy. However rapid magnetic reconnections in the current sheet behind the erupting flux rope during the eruption allow the flux rope to escape without having to stretch out all the overlying fields, providing the possibility for CMEs with preeruption magnetic energies below the Aly open field energy. Nevertheless, the erupting flux rope still has to rise sufficiently high, carrying with it all the overlying fields and its own mass, for a current sheet to form behind the flux rope and for the onset of rapid reconnections. This may result in a demand of the initial magnetic energy to be very close to that of the open field energy. The situation may be significantly modified in a three-dimensional geometry, where the immediate overlying fields may move out of the way and allow the erupting flux rope to "herniate" through without having to stretch them out substantially (Sturrock et al. 2001; Fan & Gibson 2007) .
Furthermore, we find that there is not a single critical limit of magnetic helicity for the onset of eruption. Cases where the detached flux rope contains a higher amount of detached poloidal flux, i.e., a higher flux rope self-helicity or twist, are found to become eruptive at a lower total magnetic helicity. Cases where the detached toroidal flux in the flux rope has a flatter profile and the toroidal distribution is peaked in the center of the flux rope, or is significantly distributed beyond the detached flux rope, are found to be able to remain stable at a higher total magnetic helicity. The large range of critical helicities means that a measurement of the total input of helicity into the solar corona alone cannot be used to accurately predict the number of CMEs. Phillips et al. (2005) found the same for the breakout model (Antiochos et al. 1999 ) using a static atmosphere. They ran two simulations with several orders of magnitude difference in the helicity by overlying a region of positive helicity with a region of similar negative helicity in one of the simulations. This caused the simulations to erupt at very different net total helicities, however both cases erupted at the same magnetic energy.
The limited resolution and the use of numerical diffusion mean that we cannot accurately simulate the current sheet, and the bursts of reconnection at the equatorial current sheet are significantly affected by the limited resolution of the code. If these bursts did not take place above the flux rope, the downward magnetic tension would decrease further and some flux ropes, that we found to be stable, might erupt. This would slightly change the values of the critical helicities, but not significantly enough to affect the conclusions. If on the other hand the eruptions we have found are caused by such an artificial burst of reconnection in the current sheet below the flux rope, then the flux rope might have been able to reach a significantly higher energy than the Aly limit without this artificial reconnection. Such high energy stable states were found by Wolfson (2003) and Wolfson et al. (2007) for force-free magnetic fields with a detached flux rope. However Wolfson (2003) and Wolfson et al. (2007) only checked whether certain magnetic configurations are stable but not if they can actually be reached in the corona with a solar wind.
We find that during the eruption the simulated CME develops a 3-part density structure, i.e., a dense core, a depleted cavity, and a dense shell. The cavity is formed by the rapid stretching of both the reconnected flux rope field lines and some of the still connected helmet field lines as the flux rope accelerates outward. So this cavity differs from the eruption of a preexisting helmet cavity often observed (e.g., Gibson et al. 2006 ). Due to the assumption of a simple isothermal atmosphere and a constant density imposed at the lower boundary, we do not see the formation of a cavity within the flux rope in the helmet prior to the onset of eruption. However the cavity development found here due to the rapid stretching of the field lines during eruption should still take place in realistic CMEs with preexisting cavities. A similar formation of a 3-part structure for a CME erupting by the breakout model was described by Lynch et al. (2004) .
Just ahead of the dense shell, in the open magnetic field an intermediate shock has formed. Because the condition upstream to the shock changes rapidly, the shock is not able to settle into a steady state. As can be seen in Figure 17 the shock front in the center is shaped concave-downward. The shape of this shock might explain the dimple which is often observed at the front of CMEs (Steinolfson & Hundhausen 1990; Hundhausen 1998) . Further away from the equator than the intermediate shock, there is still compression of the plasma in the front. A study with a higher grid resolution than the present one is needed to determine if there is a fast shock there or if the density compression is more wave-like.
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